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In this paper, we address the problem of causality violation in the solutions of Einstein equations
and seek possible causality restoration mechanisms in modifed theories of gravity. We choose for
the above problem, the causality violation due to the existence of closed time-like curves in the
context of Kerr-Newman black hole. We first revisit and quantify the details of the causality
violation in the Kerr-Newman spacetime. We then show that the issue is also existent in two of
the modified solutions to the Kerr Newman spacetime: The Non-Commutativity inspired solution
and the f(R)-Gravity modifed solution. We explore the possibility of mechanisms present within the
model that prevent causality violation. We show that, in both the models, the model parameters
can be chosen such that the causality violating region is eliminated. We argue that in the context
of non commutativity inspired solution, the non commutativity parameter can be chosen such that
the causality violating region is eliminated and the inner horizon is no longer the Cauchy horizon.
We then discuss the geodesic connectivity of the causality violating region in both the scenarios and
quantify the geodesics that have points in the causality violating regions. We also discuss the causal
aspects of Kerr Newman deSitter/antideSitter spacetimes.
I. INTRODUCTION
Contrary to what was generally assumed erstwhile, we
have learnt significantly in the last couple of years (Es-
pecially since the detection of Gravitational waves [1])
that BH’s are astrophysical objects of great importance,
which are in direct contact with observations. Black-
holes are also testing grounds for a variety of theoreti-
cal ideas since they present various scenarios where Gen-
eral Relativity and Quantum Theory become equally sig-
nificant.The thermodynamic properties of the black-hole
and the microstate justification for the entropy of the
black hole, information loss, etc. are the usual milestones
which are expeced from any theory of Quantum Gravity.
Although General Relativity has passed major observa-
tional tests that we have been able to perform so far, the
classical theory is known to have two main issues lead-
ing to breakdown of physics. The most well known of
these are the issues connected with the existece of sin-
gulities where some of the scalar invariants diverge at
one or more points of sapce-time. However, we now un-
derstand that these are generally expected to be existant
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due to the limitations of the Classical theory and are
hoped to be resolved in a complete theory of Gravitation
that incorporates both Quantum mechanics and Gravity.
Presently, there are several existing approaches for this
program, including String Theory, Loop Quantum Grav-
ity etc. There are also some approaches that postulate
that spacetime itself is Non-Commutative at small scales.
The general expectations from such a theory is that they
would smear away the point-like singularities of the Clas-
sical theory and replace them with regularized regions
where the space-time curvatures remain finite. Since we
do not yet have such a consistent theory, we do not yet
have certainity in predictions of physics in certain regions
of space-times that are in causal contact with singulari-
ties. For e.g. the interiors of the Kerr family of solutions
to the Einstein’s field equations. As a result of this, such
regions are also inaccessible to investigations through nu-
merical relativity as the field equations cannot be solved
at the singularities.
The other issue, which is not directly concerned with
the existence of singularities in classical theory that needs
attention, is the breakdown of causality due to the ad-
mission of Closed Time-like Curves (CTCs) in some of
the solutions of Einstein’s equations (e.g. Kerr-Newman
space-time, Gott spacetime, Godel Universe, etc) [2],[3].
On these curves, Chornology i.e. sense of ordering in
time is lost, leading to the loss of determinism. Simi-
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2lar to the singularity problem, the regions of spacetime
that are in causal contact with those containing CTCs
are ”viscious sets”, also are inaccessible to investigations
of Numerical Relativity. This is because, a Cauchy prob-
lem or an initial value problem is not well defined in the
acausal region. The boundary of such a region where a
Cauchy problem is ill defined is known as the Cauchy ho-
rion. Though there have been multiple attempts towards
resolving the issues concerned with the existence of singu-
larity in Classical and Quantum theories of gravitation [4]
[5], [6], there seem to not be many that address the issue
of existence of CTCs. In this paper we address the issue
of violation of causality in the most astrophysically rele-
vant of examples out of the set of those that are known to
be causality violating: the charged rotating black-holes
of the Kerr-Newman (KN) family. We explore models
of KN black holes in other modified solutions and seek
possible mechanims within the model that can restore
causality. The KN black hole provides a platform where
both the singularity as well as the chronology preserva-
tion issue is present. The KN spacetime is therefore a
good testing ground for theories of Quantum Gravity.
There are multiple issues concerning the existance of
CTCs in the KN ST that make investigations of physics
in the region difficult. The first being that the region
where CTCs occur (CTC region) lies in between the inner
horizon of the KN black hole and the naked singularity[7].
The CTC region in the KN space time is in causal contact
with the naked singularity of the KN black hole, making
the any data defined in the region corrupt. Thus the
evolution of Cauchy data defined over the region with a
naked singularity is an ill-defined problem [2]. Owing to
this, the pathology due to the CTCs was not required
to be addressed and the region is not usually included
in numerical investigetions and simulations. However,
the second reason comes from a fundamental result in
black hole perturbation theory. It was found in that the
inner horizon of the Reissner-Nordstrom and Kerr solu-
tions was unstable ([3] and the references therein). For
the case of KN spacetime, as the inner horizon is also
the Cauchy horizon, this implied the instability of the
Cauchy horizon. It is argued that due to the infinite blue
shift experienced at the Cauchy horizon, the sensibility of
extending the manifold beyond the inner horizon should
be questioned. This instability has been used to provide
arguments in favor of the Strong Cosmic Censorship hy-
pothesis which forbids local nakedness of singularity[3].
Howeve in, [8] it is suggested that in a few situations the
Cauchy horizon might not have the infinite blue shift as
expected, and also that infinite blue shift is not enough
to render the Cauchy horizon unstable and therefore the
need to extend the manifold beyond the inner horizon.
One main argument as to why the inner region of the
KN blackhole and it’s features are to be taken seriously
is that if we consider a realistic scenario where the black
hole is formed by the process of gravitational collapse.
We do not yet have an analytical model of collapsing
matter whose final state is a Kerr-Newman black hole.
If we take the hints from the gravitational collapse that
leads to the formation of Schwarzschild black hole, one
can have various scenarios based on the initial configura-
tion of the collapsing matter [9], [10]. In some situations,
the apparent horizon forms before a singularity and yet
in other collapsing scenarios one can have the singular-
ity forming before the formation of apparent horizon etc.
So if a similar scenario is true for the formation of K-
N blac khole, then features like the CTC region might
emerge before the formation of singularity or the appar-
ent horizons, etc. The progress towards understanding
the dynamical formation of K-N blackhole is made in
the numerical study [11]. Though no conclusion can be
reached regarding the cauality violating region. At this
stage of current research, our guiding principles wrt the
collapsing scenarios are Cosmic Censorship Hypothesis
(both weak and strong) and Chronology Protection Con-
jecture.
We will begin by stating the Chronology Protection
Problem and illustrate it in the context of the Kerr-
Newman black-hole of Einstein’s Gravity. Here we de-
scribe the existence of CTC in the manifold and explain
how it leads to the breakdown of causality. We then
address the Chronology Protection problem in two pop-
ular modified solutions for Kerr-Newman spacetime: The
Non-Commutativity inspired Kerr-Newman solution, one
of the modified models of BH that has effectively avoided
the point-like singularities, and the Kerr-Newman solu-
tion of f(R) gravity. In both cases, we first investigate
the existence and basic properties of the CTC region and
analyze null geodesics in order to understand how well
the region containing closed time-like curves is causally
connected with the outer regions. We then seek to find
possible natural mechanisms within the models that can
preserve causality.
A. The Chronology Protection Conjecture and its
violation
The Chronology Protectection Conjecture was first
given by Hawking in 1992 amidst the growing number of
suggestions that one maybe able to time-travel if he/she
travels faster than speed of light [12]. He stated that:
”The 1aws of physics prevent the appearance of closed
time-like curves”.
Closed time-like curves (CTCs) are said to exist in a
space-time if there exists a directed time-like vector field
defined in a region whose integral curves are closed. It is
obvious that such curves pose a threat to the principle of
causality. The world like of a particle in circular motion
about a black hole, for instance, does not qualify to be a
CTC since the circular ourbit is just its spatial trajectory.
The temporal translation ensures that the world line is
helical.
Solutions of Einstein’s equations containing CTCs
were first found by Godel[13]. Numerous other solutions
were found later. Time-travel was being considered as a
3theoretical possibility and questions were being raised in
order to find out if space-time can be curved so much as
to bend the light cone structure of space-time sufficiently
in a region creating CTCs. In the region of space-time
where CTCs exist, the local light-cone structure is tipped
along the closed worldline of the observer all along the
curve. Thus, although locally the space-time manifold
is still Lorrentzian, the existence of CTCs is a gloabal
property of spacetime. These regions containing CTCs
are therefore expexted to exist near very high curvatures
of spacetimes. Due to this requirement, the existence of
CTCs require a constraint on the type of matter fields
that can support and maintain the CTCs in the region.
It was shown that either the Weak Energy Condition is
violated or singularities exist in such regions [12][14]
T ablalb < 0, (1)
where T ab is the Energy momentum tensor and la is a
future directed null vector field.
It was shown by Carter in [15] that in the KN space-
time, the violation of causality due to the CTCs is in-
evitable and cannot be resolved by the choice of a suit-
able covering space.
Since a Cauchy problem is not well stated in the CTC
region, we cannot ensure evolution consistent with the
structure of the background spacetime as time is periodic.
By considering the matter fields/ dynamical quantities of
interest as test fields, restricting the initial conditions i.e.
by imposing periodic boundary conditions on them , one
can atmost ensure that the eternally periodic solutions
are consistent with the background spacetime structure.
However, when these fields are coupled to the Einstein’s
equations, back-reaction effects are included and then it
is not clear if such solutions ( eternally periodic) continue
to be consistent.
We presently know of only a few exact solutions to
Einstein’s Gravity, each of which presents us with valu-
able insights and brings to light an important feature of
the theory itself. Among these are also solutions in which
causality can apparently be violated. The well known ex-
amples to these are the Gott spacetime, Godel universe,
Kerr spacetimess, etc. The generic manner in which
this appears is through the admittence of closed time-
like curves by the spacetime. These problems are known
to persist through maximal extensions of the manifold
and cannot be gotten rid of by the choice of a suitable
covering space [15].
We first revisit and summarize the details of causal-
ity violation in the Kerr Newman spacetime. The
Kerr-Newman metric has the following form in Boyer-
Lindquist coordinates:
ds2 = − (∆− a
2sin2θ)
ρ2
dt2 − 2asin
2θ
ρ2
(2Mr − q2)dtdφ
(2)
+
ρ2
∆
dr2 + ρ2dθ2 +
Σ2sin2θ
ρ2
dφ2 (3)
Where,
∆ = r2 − 2Mr + a2 + q2 (4)
Σ2 = (r2 + a2)2 − a2∆sin2θ (5)
ρ2 = r2 + a2cos2θ (6)
Here M is the mass of the Black hole, a its specific
angular momentum and q is the charge of the blackhole.
The classical features of Kerr Newman metric include
the existence of two horizons, ergosphere and the ring
singularity. The two horizons which are the roots of the
equation ∆ = 0 are as given below,
This has the interpretation of representing the space-
time of a charged,rotating Black-hole. Although one does
not know whether this also represents the exterior met-
ric of a finite sized charged,rotating object, it is known
that all such metrics must be asymptotically Kerr. More-
over, the uniqueness theorem guarantees that the metric
of a charged rotating BH is Kerr-Newman. Thus, it is of
significance to study the KN spacetime.We now briefly
recap the important features of the KN spacetime.
The classical features of Kerr-Newman metric include
the existence of two horizons, ergosphere and the ring
singularity. The two horizons which are the roots of the
equation ∆ = 0 are as given below,
r− =µ−
√
µ2 − (a2 + q2) (7)
r+ =µ+
√
µ2 − (a2 + q2) (8)
which are the inner and outer horizons respectively.
These exist only when
µ2 ≥ a2 + q2 (9)
The quantity ∆ − a2sin2θ is negative at the horizons
where ∆ = 0. The location of the singularity is again at
ρ = 0 :
r = 0 cosθ = 0 (10)
which corresponds to a ring of radius a in the equatorial
plane.
It is quite well known that the existence of the hori-
zon and the ergo-region lead to interesting physics ( like
Hawking radiation, Superradiance, QNMs etc.)
Closed time-like curves are closed curves whose tan-
gent vectors are everywhere future directed time-like/
past directed time-like. Such curves pose a threat to
the validity of causality as the chronological future of a
point x on the curve may also contain points from its
chronological past:
I+(x) ∪ I−(x) 6= ∅ (11)
Consider the axisymmetric vector field ξµ(φ) (which is
also a Killing vector). The norm of the vector field is
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FIG. 1. The left panel shows a contour plot of the outer radius of the CTC region on the equatorial plane (θ = pi/2) against
the BH parameters, normalised by the BH mass ( a′ = a/M and q′ = q/M here). These contours are labelled by the radius of
the region containing closed time-like curves. Also superimposed is the boundary of the region a′2 + q′2 = 1, a semicircle. All
the points lying inside the region are physically probable end states of a collapse corresponding to the condition M2 > a2 + q2.
Note that there are BHs corresponding to these end states that harbour a CTC region. Right: Plot of outer radius of CTC
region vs. the Kerr-Schild anglular co-ordinate θ ( measured from the spin axis).
given by ξ2(φ) = gφφ. Now for simplicity, consider the
metric component gφφ (algebraically simplified) on the
equatorial plane (θ = pi/2):
gφφ = r
2 + a2 +
2Ma2
r
− a
2q2
r2
(12)
Here we can see that the first three terms are strictly
positive whereas the last one is strictly negative. Also,
we see that the last term dominates at smaller radii.
This shows that gφφ may not have the same sign every-
where on the manifold. It can change sign at the radius
rctc where gφφ vanishes. By analyzing the nature of the
roots of the equation through their sum and products, we
can arrive at the fact that there are two real roots, out
of which one of them is positive and we call this rctc+ .
We will address the other smaller root by rctc− . Thus in
the region where gφφ takes negative values, we find that
the norm ξ2(φ) is negative:
ξ(φ) · ξ(φ) = gφφ < 0 (13)
This shows that the integral curves of ∂∂φ can become
time-like in nature. It is hence clear that the co-ordinate
φ becomes time-like in the region rctc− < r < rctc+ . Fur-
thermore, since the integral curves of ∂∂φ are closed (topo-
logically S1), there exist time-like curves that are closed
in the full 4-dimensional space-time [16]. The periodic-
ity in φ has led to the periodicity of time for observers
whose world line is one of the closed time-like curves.
This means that one can have a sequence of events in the
ST that close back onto themselves. Thus the observer
may violate causality. It is evident from the above equa-
tion (12) that closed time-like curves also exist in the
Kerr spacetime, however at small negative radii. The
presence of the Electromagnetic field and the manner in
which it couples to Einstein’s gravity has somehow been
reponsible in bringing this region to positive radii.
Due to the equivalence principle, one can establish a
locally flat coordinate system in which the metric is ap-
proximately Minkowski, in which we know that there is
no causality violation. The light cone-structure of the
space-time is locally preserved. Therefore we understand
that the possibility of violation of causality is not a local
property of the space-time, but rather a global property
depending upon the manner in which space-time points
are connected. Since the topology of integral curves of
ξ(φ) is a co-ordinate independent property we see that the
existenc e of closed time-like curves is a global property
of the space-time itself that is unavoidable [15].
One can discern the placement and the shape of the re-
gion as follows. The condition gφφ = 0 on the equatorial
plane θ = Π/2 gives the following equation:
5h(r) = r4 + a2r2 + 2Ma2r − a2q2 = 0 (14)
As mentioned earlier, as long as q 6= 0, it can be rea-
soned out that this equation admits one positive and one
negative root. Further, it can also be shown that the only
positive root lies inside the inner horizon rc < rh− (See
[16]). In the contour plot Fig. 1 we show the dependence
of rctc+ on the BH parameters. It can be seen that for
these chosen parameters, the existence of the CTC region
is evident. The adjoinig figure shows a plot of the outer
boundary of the CTC region (as defined by the outermost
positive real root of gφφ = 0) vs. θ. This shows that the
CTC region extends out farthermost on the equator, di-
minishing in size on either of its sides. Also, in the .
Given that CTCs exist in the KN ST, it is of impor-
tance to study how exposed the region containing these
curves is. Significant amount of research has been done to
analyze the CTC region, ([15] [17] [18] [19] [20] [21] [16])
showing that there exist null geodesics that can sample
points from the CTC region. Carter presented a maxi-
mal extension of the KN BH and were first to show that
existence of CTC and that it cannot be cured by means
of a suitable covering space . They also showed that
only those particle trajectories which are restricted to
the equatorial plane can reach the ring singularity [15].
In [16] we presented a different analysis and re-derived
some of these results. In particular, we showed that there
exist a range of geodesic parameter values E,L,m0 for
which there exist turning points in the CTC region. Thus
there are geodesics that sample the CTC region, carrying
causality violating data to the outside observer. In this
sense, the violation of causality in the KN ST is com-
pletely exposed.
In this paper, we analyze the validity of causality in
modified KN metrics, namely the Non-commutativity
inspired Kerr-Newman BH [22] and the Kerr-Newman
Blackhole in f(R) gravity [23].
B. Methods and Conventions
We use semi-analytic methods employing Mathematica
for numerical analysis and graphing. We use G = c = 1
units throughout. All the parameters and variables are
expressed in mass units i.e. the BH mass M is also set to
1. Therefore, the normalized specific angular momentum
and specific charge are related to their non-normalized
quantities by a′ = a/M, q′ = q/M
II. CAUSALITY VIOLATION IN
NON-COMMUTATIVITY INSPIRED
KERR-NEWMAN SPACETIME
Non-commutative (NC) Black-holes are Black-holes in-
spired by Non-Commutative Geometry. They incorpo-
rate a minimal length scale in the metric effectively
induced by the non-commutative character of the co-
ordinate operators [22][24][25][26]. These aim to cure
the BH point-like curvature singularities (e.g. the Dirac-
delta like singularity of Schwarzschild BH, the ring sin-
gularity of the Kerr BH) by effectively replacing it by a
distribution. From the consideration of the NC nature of
co-ordinate operators in the co-ordinates coherent state
approach and expected first order quantum gravitational
correction to classical General Relativity, one can show
that the Dirac-delta like singularities will be replaced by
Gaussian distributions (see [22]).
For instance, for a point particle at the origin, the non-
commutativity implies that the Dirac-delta δ3D(x) is ef-
fectively replaced by:
ρ0(x) =
1√
2pip
e−x
2/2p (15)
The width of the Gaussian distribution is character-
ized by the non-commutativity parameter p having the
dimensions of length squared, that encodes information
about the minimal length scale in the non-commutative
space-time.
Furthermore, it has also been shown that the effec-
tive corrections to the Einstein’s-field equations due to
this can be modeled by only modifying the source term
(the matter sector, i.e. the Energy-Momentum tensor),
replacing the point like sources by a suitable Gaussian
distribution while the differential operators (i.e. the ge-
ometry sector ) remain unchanged [27].
Following this approach, first the NC solution for the
Schwarzschild BH was derived by Piero and Euro in 2005
[24], followed by the NC Reissner-Nordstrom solution
[25]. Later, the NC solution for the rotating BH (Kerr)
and the charged-rotating BH (Kerr-Newman) [22] were
also obtained by means of a modified Newman-Janais al-
gorithm. The Kerr family of NC BH incorporate generic
Quantum Gravity effects and have also been extended to
higher dimensions [22],[26]
The most important features of these NC models is the
resolution of the singularity. The interior-most region is
regular and contrary to the classical scenario, this region
is not plagued by the corrupting data from the singu-
larity. However, as mentioned earlier, the avoidance of
singularity is not the only problem a complete theory of
Gravity (that incorporates Quantum effects) should ad-
dress. Classical Einstein’s Gravity is also troubled with
other major issues like the existence of closed time-like
curves which have to be eventually addressed.
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FIG. 2. The plot of unit mass and squared unit charge of a Non-Commutative Kerr-Newman BH with the normalized radius
x = r/M . The BH parameters in the Non-Commutativity inspired BH are no longer Dirac-delta distributed. They have
a spread due to the Gaussian nature of their singularity. The Non-Commutative BH starts resembling its usual counterpart
( Kerr-Newman BH) at scales comparable/greater than the length-scale characterizing the spread of the singularity due to
non-commutativity
√
p. Thus the BH parameters asymptotically attain their actual values of unity at x >
√
p.
The NC KN metric has the form:
ds2 = − (∆− a
2sin2θ)
ρ2
dt2 (16)
−2asin2θ
(
1− ∆− a
2sin2θ
ρ2
)
dtdφ (17)
+
ρ2
∆
dr2 + ρ2dθ2 (18)
+sin2θ
(
ρ2 + a2sin2(θ)
(
2− ∆− a
2sin2θ
ρ2
))
dφ2
(19)
with
∆ = r2 − 2M(r)r + a2 + q(r)2 (20)
ρ2 = r2 + a2cos2θ (21)
Here M(r) and q(r)2 are given by the following expres-
sions.
M(r) =
γ(3/2; r2/(4p))
Γ(3/2)
(22)
q(r)2 =
Q2
pi
[
γ2(1/2; r2/(4p))− r√
2p
γ(1/2; r2/(2p))
(23)
+ r
√
2
p
γ(3/2; r2/(4p))
]
(24)
The source corresponding to the NCKN spacetime is
non-zero (can be found in [22]). In particular, the T 00
component of the energy-momentum tensor Tµν , which
is the source of the gravitational field given by (??), is
going to assume the form of a Gaussian as described
by the equation above (24). The metric can be seen
to be symbolically similar to its classical counterpart (
gφφ also can be simplified and brought to the same form
as that of KN (3)), but the parameters are now accom-
panied by a spread due to the NC nature of the space-
time. Here the parameters M , Q and a become the ADM
mass, charge and angular momentum of the black-hole at
asymptotic region. The Non-Commutative KN BH only
deviates from its classical counter-part at small length
scales (l ∼ √p). At large length scales (l >> √p), the
mass M(r) and specific charge q(r) approach the limit-
ing values (M, q) respectively and the space-time is effec-
tively the classical KN space-time. We recap some of the
main results of the paper [22] that are relevant for our
present study.
• The horizons are the roots of the equation ∆ = 0.
The quadratic equation is now replaced by a tran-
scendental equation. The solution that yields a
black-hole is when the equation has at least one
positive root. The equation can have at most two
positive roots. The root diagram for the Kerr
Black-hole case as a function of parameters can be
found in [22]. Here we extend the analysis for the
case of Kerr-Newman. This analysis helps us point
out the physically relevant parameters that yield a
black-hole.
• The metric and the curvature scalars are regular
near origin. Also, the NC KN black-hole has a re-
pulsive core. Further details can be found in [22].
• gφφ → a2 as r → 0.
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FIG. 3. The first panel shows the metric component gφφ is plotted vs. x = r/M . Note that for sufficiently large value of p,
the equation gφφ = 0 has no positive real roots, and thus no CTC region. The second panel shows the corresponding plot of
the horizon function ∆(x) vs. x. The variation in p only affects the graph at small scales comparable to
√
p. All the BHs
corresponding to the above parameters have two horizons.
A. The Closed Time-like curves region
In this section, we will explicitly show that CTCs also
exist in the Non-Commutative KN BH. We will then dis-
cern the grometrical properties of the CTC region and
analyse geodesics that can visit the acausal region.
In order to find out whether or not a region containing
CTCs exist in the NCKN spacetime, we need to analyse
the gφφ component of the metric:
gφφ = sin
2θ
(
ρ2 + a2sin2(θ)
(
2− ∆− a
2sin2θ
ρ2
))
(25)
Where the symbols appearing in the above equations
are as defined above in (24).
In particular, CTCs exist if the above function is al-
lowed to take negative values in certain regions of the
manifold. For this, we will begin by looking at the plots
of the metric component gφφ on the equatorial plane. It
will be sufficient to understand the geometrical structure
part of the CTC region lying on the equatorial plane.
The structure of the CTC region boundary is very sim-
ilar to that of the Kerr-Newman Black-hole as shown in
the second figure Fig. 1.
Below we show a plot of gφφ vs r (measured in mass
units) for different values of the BH parameters {a, q, p}
on the equatorial plane θ = pi/2. In the first plot
a = 0.5, q = 0.25, p = 0.001 Fig. 4, we see that the equa-
tion gφφ = 0 has positive roots on the equatorial plane.
This implies the existence of a finite sized CTC region.
The accompanying figure shows that these parameters
correspond to a black-hole solution. Thus, CTCs are also
admitted in the Non-Commutative Kerr-Newman space-
time. Now we explain a commonly held misconception
regarding what seems to be a plausible solution to the
problem of CTCs . This will also help understand clearly
what is happenning in such manifolds that admit CTCs.
Consider the new vector fields defined by:
dη = dt− asin2θdφ dξ = (r
2 + a2)dφ− adt
ρ2
(26)
Now consider a transformation of co-ordinates as
given by the above equations. Then, the four vec-
tors e(η)
µ, e(r)
µ = (0, 1, 0, 0), e(θ)
µ = (0, 0, 1, 0), e(ξ)
µ to-
gether form an orthogonal tetrad, in the basis of which
the metric is diagonal with the components:
g(µν) =

−∆
ρ2
0 0 0
0
ρ2
∆
0 0
0 0 ρ2 0
0 0 0 ρ2sin2θ

Therefore in this basis the vector field eµ(η) is time-
like outside the outer horizon and inside the inner hori-
zon, and space-like in between.(Note that indices with a
bracket are tertrad indices).
It is evident that, by formally setting a → 0 we
recover the usual Kerr-Schild time and azimuthal co-
ordinates t and φ. Thus, these new vector fields can
be called the new ”time” and ”angular (azimuthal)” co-
ordinates of the transformed co-ordinate system, which
replace their counterparts in the non-rotating scenario (
i.e. Schwarzschild / Reissner-Nordstrom solutions).
It can now be seen that the metric component g(ξξ) in
the new basis is strictly positive. Therefeore it appears
as though there are no CTCs in the new co-ordinate sys-
tem, as the new azimuthal ’angle’ is always spacelike.
However, this is not the case. It is to be noted that ,
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FIG. 4. Plots of the metric component gφφ vs. r/M for
a′ = 0.5, p = 10−3. It is seen that for q’ around 0.44, the
CTC region vanishes for non-zero p. The usual Kerr-Newman
case (p → 0) is depicted in dark blue for comparision. Note
that the curve diverges as r → 0 . Accompanying panel on
the right shows the horizon function ∆(x) for the same values
of BH parameters on the left.
while the topology of the integral curves of eµ(t) and e
µ
(φ)
in the non-rotating scenario were R and S1 respectively,
the integral curves of eµ(η) and e
µ
(ξ) is now R for both for
finite dtdφ . This is due to the ”mixing” of co-ordinates (t
and φ) due to dragging/rotation of the spacetime. They
are now both helical (except at the poles). What we have
made is just a co-ordinate transformation equipping the
same manifold with a different set of co-ordinates. How-
ever, this does not mean that the closed time-like curves
do not exist nor do they disprove their existence. In do-
ing the trasformation, the topological properties of the
manifold remain unchanged. We then understand that
the existence of closed time-like curves, although true, is
merely not evident in the new co-ordinate basis.
We now analyse and describe the dependence of the
geometry of CTC region on the Black hole parameters.
In the NCKN black hole, the metric is a function of three
paramaetrs: the specific angular momentum and charge,
and the non-commutativity parameter which we have de-
noted by p. The metric component gφφ is also a function
of these three parameters and thus the CTC region can
be analysed with respect to them.
For a given set of values of parameters a, q, one can
vary the non-commutativity parameter p and under-
stand the variability of the CTC region with respect it.
Fig.3 shows the same. The first major effect of non-
commutativity is that gφφ remains finite as r → 0. Sec-
ondly, we see that the metric component takes larger neg-
ative values and the equatorial size of the CTC region is
larger ( i.e. separation between the two roots is larger)
for smaller p. Thirldy, for a given set of parameters a, q,
there exists a p = pcr for which the entire CTC region
degenerates into its boundary, and the region disappears
altogether for higher values of p. For instance, for the
case of a = 0.5, q = 0.5, the two positive roots merge at
p (approximately) around 0.16. There are no roots to
the equation (II A) for a larger p. The adjoining panel
shows the profile of the horizon function with x. They
show that states corresponding to these values of p do
correspond to black holes with two horizons. There is
no significant effect of variation (or introduction) of p
on the placement of the horizons as expected. It can be
seen that there is only some variation on the scale of
√
p,
which here is much smaller than the horion scale. Thus,
there exists a critical value of pcr for given set of values
of the parameters a, q, θ such that the CTC region exists.
For all values of p above this value (super critical), the
CTC region vanishes. i.e.,
p < pcr CTC region exists (27)
p > pcr No CTC region (28)
This is an importnant feature of the Non-commutative
black hole model. It is interesting to investigate the en-
ergetics of this process in the above two cases. As non-
commutativity introduces a minimal length scale, it will
be interesting to understand if pcr can be associated with
the Planck-scale Mpl. Note that the critical value pcr de-
pends on the other parameters.
The observations made above can be reasoned out as
follows: The Kerr ST has no CTC region due to the ab-
sence of charge. The non-commutativity in the NCKN
black-hole effectively replaces the ring singularity with
a distribution (of mass and charge). Hence, due to this
spread, at small r, the Kerr character is more dominant
than the KN character in the space-time. The Kerr-
Newman behavior is expected to dominate at large dis-
tance from the center i.e. at distances larger than a few
times the non-commutative length-scale
√
p.
Also, since the mass M also has a Gaussian spread that
is flat in the neighborhood r = 0, the metric is expected
to resemble the flat space-time with a constant positive
energy density i.e. the de-Sitter metric.
The next set of figures 4 show that for a BH woth
given spin parameter a/M and non-commutative param-
eter p, the region containing closed time-like curves exists
in only those BHs with sufficiently high specific charge
9q. The CTC region does not exist for q smaller than a
limiting value which will be a function of the other BH
parameters. The adjoining figure shows that BHs cor-
reponding to each of these values admit two horizons.
However, for large enough q, horizons can disappear.
From the next figure Fig. 5, we can infer that the outer
boundary of CTC region does not monotonically increase
with the specific charge a′, as expected (as in the case of
Kerr-Newman spacetime). So for a given a set of pa-
rameters of the blackhole: {a, q}, the above arguments
indicate that for subcritical p (p < pcr), the inner hori-
zon continues to be a Cauchy horizon even though there
is no singularity in the spacetime. This is purely due to
the pathology of the causality violating region which still
exists. The inner horizon continues to be the Cauchy
Horizon and the region within the inner horizon is clas-
sified as a ’viscious set’ since the region is in causal con-
tact with a causality violating region. For super critical
p > pcr, the CTCs dissappear and therefore Chronology
is protected. The inner horizon is no longer the Cauchy
horizon since the singularity has been smeared out and
also the causality violating region eliminated.
Thus, although the Non-Commutative Kerr-Newman
space-time does not have curvature singularities , the
closed time-like curves nevertheless still exist. This
clearly shows that the problem of causality violation is
not completely cured in Non-commutative space-time but
it can be circumvented by choosing the parameter p such
that Chonology is protected.
B. Causality violating geodesics
Understanding the geodesic structure of a space-time
is important in understanding how well the different re-
gions of a particular space-time are connected. There ex-
ist significant literature on studies of geodesic structure of
various black hole spaceitmes [28] [29] spacetimes. Also,
studies of those geodesics which can specifically carry
causality violating data from the acausal regions of black
holes can also be found in [16]. Given that CTCs also
exist in the Non-commutative Kerr-Newman space-time,
it is interesting to investigate geodesic connectivity of
the CTC region of this spacetime. Specifically, we stud-
ied how exposed the CTC region is to the outer regions
of the black hole and how different the geodesic struc-
ture is from the Kerr-Newman scenario. In this section,
we present results of our analysis carried out using the
Hamilton-Jacobi approach of the geodesic connectivity
of the CTC region of the NCKN black hole. This will
help us in understanding whether there exist any natural
protection mechanisms in causality violating black holes
that can preserve casuality in the region outside the black
hole horizons. For achieving this, we primarily studied
geodesic turning points in the CTC region. Existence of
turning points in the CTC region would enable geodesics
from the outer regions to visit/sample points from the
CTC region and turn back to reach the outer regions
again, communicating causality violating data to them.
We begin by briefly illustrating the Hamilton-Jacobi ap-
proach in obtaining first integrals of motion and then
using them in the analysis of turning points.
The action of a massive point particle of mass m0 in a
curved background is given by[30]:
A = −m0
∫
dτ (29)
In the Hamilton-Jacobi theory, the action, which is a so-
lution to the Hamilton-Jacobi (H-J) equation, is treated
as a function of the co-ordinates and the components of
momenta are given by:
∇µA(xν) = pµ(xν)or (30)
(31)
The normalization condition for time-like vectors leads
to:
gµν
∂Aµ
∂xµ
∂Aµ
∂xµ
+m20 = 0 (32)
In the H-J theory, the symmetries of the space-time
lead to constants of motion and facilitate a separation of
variables of the action in the additive fashion. In this
case, the background spacetime is the NCKN space-time
and it can be checked that this space-time being sta-
tionary and axisymmetric like the usual KN space-time,
admits a time-like Killing vector field ξµ(t) (which we rep-
resent in the (t, r, θ, φ) convention as (1, 0, 0, 0)), an ax-
isymmetric Killing vector field ξµ(φ) = (0, 0, 0, 1) and also
a Killing tensor field Kµν analogous to the KN scenario
(see [15]). The Killing vectors facilitate the separation
of the time and the azhimuthal angle co-ordinates while
the Killing tensor is responsible for fully separating the
action by separating the θ angular co-ordinate from the
radial co-ordinate r. The symmetries also lead to con-
served quantities, i.e. quantities that are constants on
each geodesic and can be identified with certain physical
quantities. These are given as:
E = −p · ξ(t) L = p · ξφ (33)
The first two can be readily identified with the total
energy and azimuthal angular momentum of the particle
whereas Q20 is known as Carter’s constant introduced first
by Carter in [15].
Thus fully separable action can now be written as:
A = −Et+ Lφ+
∫
pr(r)dr +
∫
pθ(θ) (34)
This action when substituted in (32) using the inverse
metric components leads to the following expressions for
the radial momentum pr:
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FIG. 5. A plot of the position of the boundary of the CTC region vs. the specific angular momentum a’. The boundary extends
farther out for higher q’ as expected.
p2r(r) =
1
∆2
(−∆(aE − L)2 + ((a2 + r2)E − al)2 − (Q20 +m20)∆)
(35)
Firstly, we can readily see that in the limit r → 0, the
RHS of the equation becomes negative due to non-zero
(m20) and (Q
2
0) terms. Since the particle cannot exist
in the regions where p2r < 0, one can conclude that no
time-like particles can reach the region r = 0 (first shown
by Carter [15]).They turn back before that. However, it
can be verified that special null curves on the equatorial
plane satisfying the condition Ea−L can reach the ring
singularity. The significance of this condition will be ex-
plained later in Sec. V. Thus, like in the KN case, r = 0
is accessible to only null geodesics restricted to the equa-
torial plane. These geodesics can carry both the data
from the causality violating region and r = 0.
Secondly, it is to be noted that the existence of a turn-
ing point for null geodesics in the CTC region is a suf-
ficient condition to have them carry causality violating
data to the outer regions of space-time. This is true
because we cannot have turning points in between the
horizons. The corresponding equation for null-geodesics
can be obtained by formally setting m20 → 0 in the above
equation.
We now demonstrate the existence of geodesics that
can communicate causality violating data to the outer
regions of the BH. There are specifically two cases to
consider: One for which the BH has no horizons, which
would have been called a naked singularity but now is
regular, and second for the case with horizons. We will
discuss the result in the context of these two cases to-
wards the end.
For the case of a null geodesic, it is easy to demon-
strate the existence of such a geodesic. Consider the
above radial equation on the equatorial plane θ = pi/2.
Using grrp
r = pr and p
r = drdλ for an affinely parametized
null geodesic with affine parameter λ, we can rewrite the
above equation as:
dr
dλ
2
=
1
r4
(−∆(aE − L)2 + ((a2 + r2)E − aL)2) (36)
If we choose the constants of motion such that they fol-
low the relation Ea = L, this geodesic equation becomes
dr/dλ = E2. The motion is therefore unbounded. A ray
with the above set of parameters can emanate from the
CTC region and reach outside points. Also, rays starting
from the asymptotically flat region can travel inwards,
cross the CTC region and reach r = 0. Since r = 0 is
not a singular point, the geodesic can be continued to
arbitrary values of the affine parameter. The pathology
carried by the null ray comes from it’s passage through
the CTC region.
For different sets of parameters, we now look for the
turning points of the null-curve on the equatorial plane.
A turning point is given by dr/dλ = 0. This yields
(r2 + a2)E − aL)2 −∆(aE − L)2 = 0 (37)
A condition on the parameters {E,L} for null-
geodesics to have a turning point in the CTC region can
be derived by rearranging and treating this as a quadratic
equation in L/E, which we denote by κ:
(a2 −∆)κ2 + 2a(∆− (a2 + r2))κ+ (a2 + r2)2 − a2∆ = 0
(38)
The above equation has the solutions:
κ =
a(a2 + r2 −∆)± r2√∆
(a2 −∆) (39)
This equation summarizes the results we have found
so far succinctly:
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FIG. 6. Plot of the geodesic impact parameter κ = L/E for which the geodesic has a turning point at xt. The domain of xt
has been chosen so as to coinscide with the region containing CTCs.
• There can be no turning points in between the hori-
zons, as one expects, since ∆ < 0 there.
• If the turning point is at r → 0, then Ea = L.
• For all other radii in the CTC region i.e. rc− < r <
rc+ , L/E takes the values shown in the figure 6
It must be remarked that this equation does not take
into account any constraint on L/E that comes from ba-
sic dynamics. In Fig. 6, we plot the parameter κ = L/E
of the geodesic that has a turning point at xt. The do-
main of the plot has been chosen such that it contains
the CTC region.
C. Consequences
Now we discuss this result in the context of the two
cases mentioned above:
• For the case corresponding to no horizons
• For the case corresponding to single or double hori-
zons:
When the black hole has no horizons: Since a geodesic
cannot have a turning point in between the horizons, it
is then clear that a geodesic that visits the CTC region
and turns back will carry causality violating data to outer
regions of the spacetime. Thus, eventhough there exist no
curvature singularities, the whole space-time is becomes
a viscious set.
When the black-hole does have horizons, the inferences
that can be drawn depends on whether or not one ac-
cepts maximal extensions of spacetimes. It is now well
known that the co-ordinates on manifolds of black hole
spacetimes (and some others) can be analytically contin-
ued onto other domains facilitating maximal extension
of the space-time and ensuring geodesic completeness.
From this point of view, we can conclude that causality
violating data from the interior region corresponding to
one asymtotically flat block can be communicated to an-
other. However, if one allows the particle to emerge into
the same region of asymptotically flat sapcetime from
which it entered, then the causality violating data can
be communicated to the outside observers.
In either of these cases, some of the asymptotically flat
blocks will be viscious sets, apart from the inntermost
region which is completely regular.
III. CAUSALITY IN F(R) KERR-NEWMAN
BLACK-HOLE
In this section, we focus on the causality aspects of the
Kerr-Newman Black hole in the context of f(R) gravity
as derived in [23]. The Kerr Newman metric presented
in the above reference is a solution to the vacuum field
equations where it is assumed that the curvature scalar
is constant R0. The objective is to find the causality
violating regions in the modified Kerr-Newman metric
and examine the possibility of eliminating the violating
regions. Another objective is to examine if a suitable
function f(R) exists that can shrink the causality violat-
ing region to Planck scale so the region could be smeared
out in a Quantum Gravitational setting. The work done
here also encompasses the causality analysis of Kerr New-
man De Sitter and Anti-De Sitter space-times since they
form a subset of solutions of the more general framework
presented in the above reference. In this section we dis-
cuss the issue of violation of causality in f(R) inspired
Kerr-Newman BH.
A. f(R) Kerr Newman black hole
We now consider the Kerr-Newman solution of f(R)
gravity given by the (incomplete) action [31]:
12
A = 1
8piG
∫ √−gd4x(R+ f(R)) (40)
One of the main features of this theory is that it allows
for non-zero scalar curvature solutions to the Field equa-
tions corresponding to the action (40) for the vacuum
space-time. The condition Tµν = 0 leads to
Rµν(1 + f
′(R0))− 1
2
gµν(R0 + f(R0)) = 0 (41)
i.e. the Ricci tensor of vacuum becomes proportional to
the metric tensor (for1 + f ′(R) 6= 0). Taking the trace,
we find that
R0 =
2f(R0)
f ′(R0)− 1 (42)
For the special case of constant scalar curvature R0,
the Kerr-family of the metrics, specifically the Kerr-
Newman metric, have been derived [23]. In Boyer-
Lindquist co-ordinates, the metric of the Kerr-Newman
space-time is given by,
ds2 = − (∆r − a
2∆θsin
2θ)
ρ2Ξ2
dt2 (43)
−2asin
2θ
ρ2Ξ2
((r2 + a2)∆θ −∆r)dtdφ+ ρ
2
∆r
dr2 +
ρ2
∆θ
dθ2
(44)
+
Σ2sin2θ
ρ2Ξ2
dφ2 (45)
with,
∆r = (r
2 + a2)(1− R0
12
r2)− 2Mr + Q
2
1 + f ′(R0)
(46)
∆θ = 1 +
R0
12
a2cos2θ ρ2 = r2 + a2cos2θ
(47)
Ξ = 1 +
R0
12
a2 Σ2 = ∆θ(r
2 + a2)2 − a2∆rsin2θ
(48)
The new vector fields and the orthogonal tetrad speci-
fied for the NCKN black hole ( see II A) are now modified
into
dη =
dt
Ξ
− asin
2θdφ
Ξ
dξ =
(r2 + a2)dφ− adt
Ξρ2
(49)
g(µν) =

−∆
ρ2
0 0 0
0
ρ2
∆
0 0
0 0
ρ2
∆θ
0
0 0 0 ∆θρ
2sin2θ

(50)
The rest of the arguments follow as in the previous
section.
The structure of the metric is similar to the usual KN
metric (3) of I A. A brief summary of the main features
of the f(R) Kerr-Newman black hole given by the above
metric is as follows:
• The number of horizons posse f(R) KN space-time
can be anywhere between zero to three. This in-
cludes both black hole horizons (the Event hori-
zon and the Apparent) and Cosmological Horizons.
When three horizons exist, two of them can be in-
terpreted as BH horizons and the outer-most hori-
zon will be a Cosmological Horizon. Apart from
this case, there can exist situations in which some
of these horizons are degenerate ( or extremal) or
there also exist no horizons i.e. a naked singularity.
A detailed discussion can be found in [23]
• There are constraints on the modified Lagrangian
f(R) from cosmology and General Relativity.
These are that the quantity (1 + f ′(R)) is always
greater than zero and f ′(R) < 0 ( where dash rep-
resents derivative with R). This ensures that the
effective gravitational constant is positive and the
theory is free of ghosts [23].
This allows us to define an effective electric charge:
q2 = Q2/(1 + f ′(R)) (51)
which casts the metric in a form that resembles
the usual Kerr-Newman metric (3) more closely.
This allows us to examine the geometry of the CTC
region in a model independent manner i.e. without
having to choose a particular function f(R) ( it
more convenient to understand the CTC region of
the f(R) Kerr-Newman space-time) . Note that this
implies q ≥ Q. The parameters that now need to
be used to analyze the potential causality violating
region of the Kerr-Newman space-time will be the
dimensionless counterparts of the BH parameters
a′ = a/M, q′ = q/M and the constant vacuum Ricci
scalar, R′0 = R0M
2.
• The Kerr-Newman De Sitter/Anti De Sitter met-
ric of Einstein’s theory is a special case of the f(R)
theory of gravity with f(R) = −2Λ, R0 = 4Λ. Thus
by analyzing Causality violation in the f(R) Kerr-
Newman BH, the analysis of Causality in Kerr-
Newman dS / AdS would also have been achieved.
We will discuss the implication of our results for
this space-time in the later section of this paper.
B. Causality violation in f(R) KN BH
In order to discuss the validity of causality, we will
again have to analyse the azimuthal component of the
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FIG. 7. The left curve shows the plot of gφφ vs. x for different positive R0, and on the right for different negative R0. For
sufficiently negative R0, it can be seen that gφφ crosses the x axes again at a later x = xa. Thus the region with x > xa also
contains CTCs. This includes the asymptotic infinity region.
metric gφφ of the Kerr-Newman black hole in the f(R)
model of gravity:
gφφ =
Σ2sin2θ
ρ2Ξ2
(52)
Proceeding along the lines of the analysis done in the
previous section, we will now discuss the correspond-
ing causality violating region. In contrast to the Non-
commutative models, we have one new parameter with
respect to which the behaviour of gφφ can be discussed:
the vacuum Ricci scalar R0. We will begin therefore by
analyzing the effect of R0 on the CTC region. Specif-
ically we will discuss the two dimensional region con-
taining closed time-like curves on the θ = pi/2 surface,
the equatorial plane. On the left top panel, we show a
plot of the metric component gφφ vs r (normalised, on
the equatorial plane), for different values of the vacuum
scalar curvature R0 . Some features to be notices are:
1. For positive values of R0, the CTC region on the
equatorial plane is suppressed in size with increasing R0
( i.e. rctc− and rctc+ approach each other) and can be
made to disappear for very large positive values of it.
Note that we cannot plot the corresponding figues of the
horizon function ∆r to discern the number of horizons
for these parameters. This requires choosing a particular
f(R) model. 2. The CTC region on the equatorial plane
becomes more prominent as R0 takes larger negative val-
ues.
As the metric components take a form similar to the
Kerr-Newman scenario, with the metric characterised by
the other parameters viz. the mass, specific charge ( ef-
fective, as defined above (51)) and angular momentum,
the dependence of the properties of the CTC region may
be expected to be similar to the Kerr-Newman case. Note
that we have not assumed any model in order to ob-
tain these plots, which only reflects in the freedom in
the choice of upper bound on q. Thus these results hold
generally for any f(R) model.
The main inferences that can be drawn from the graphs
are that, the modification of the geometry of the space-
time due to f(R) corrections do not change the qualita-
tive nature of the curves
C. Causality violating geodesics
Now, we consider the motion of null geodesics re-
stricted to the equatorial plane in the Kerr-Newman
black hole of f(R) gravity. The objective of the analy-
sis again is to determine the existence of geodesics that
can sample the region containing CTCs. As mentioned
previously, for this purpose, it is sufficient to consider
just equatorial geodesics.
Geodesics of the f(R) gravity KN space time have
been studied considerably. The geodesic structure of the
sapcetime has been found to be quite similar to the KN
scenario. An almost exhaustive clasiification of geodesics
in the f(R) KN space time can be found in [29]. In the
work, the behaviour of most of the geodesics has been
detailed. In this section, we complete the description by
additionally discussing causality violating geodesics, the
geodesics that can sample points from the acausal region.
Following the same approach as in II B, the radial equa-
tion for null geodesics can similary be obtained in the
contex of the metric for f(R) Kerr-Newman BH (see [29]):
ρ4
(
dr
dτ
)2
= −∆(K) + (a
√
K + r2E)2 (53)
Similarly for time-like geodesics we have the following,
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FIG. 8. Variation of the outer and inner roots of the CTC region with q. The left panel shows the plot for R0 = 10 and the
right for R0 = −10. It can be seen that the CTC region increases in size on the equatorial plane in both the cases with q. The
curves have been shown for different a.
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FIG. 9. Plot of κ = L/(ΞE)) for the f(R) KN BH vs. the turning point radius on the equatorial plane. The domian of xt has
been chosen so as to overlap with the CTC region.
ρ4
(
dr
dτ
)2
= −∆(K + r2) + (a
√
K + r2E)2 (54)
Here K has the interpretation of the Carter constant,
again arising from the existence of a Killing tensor . For
the motion to be restricted to equatorial plane, the con-
stant K takes the value K = aE −LΞ as can be demon-
strated from the θ equation in the reference (geodesic pa-
per). E and L are the conserved quantities corresponding
to the Killing vectors ∂/∂t and ∂/∂φ respectively.
To identify the parameter range of geodesics that can
have turning point at the radii where the closed time like
curves are possible, we fix the radius r = rc where rc
can be any point where gφφ(rc) < 0. we then solve the
quadratic equation obtained from ((53)) and ((54)) by
equating dr/dτ to zero.
We get the following equation for the null rays that
have turning point at r = rc/M .
(a2 −∆rc)κ2 + 2ar2cκ+ r4c = 0. (55)
where κ = a− (L/E)Θ and ∆r(rc) is the function ∆r
evaluated at the turning point r = rc.
The solutions are symbolically similar to the NCKN
case:
κ =
a(a2 + r2 −∆r)± Ξr2
√
∆r
Ξ(a2 −∆r) (56)
A plot of κ vs. xt is shown in the figures 9. Again, the
domain has been chosen so as to include turning points
in the CTC region.
D. Consequences
Thus, as for the case of non-commutative black-holes,
the black holes of f(R) gravity also possess closed time-
like curves, that are unavoidable. The geometric struc-
ture of the CTC region is for the most part, similar to
that of KN space time. The major features of the CTC
region of the KN black hole model of f(R) gravity are
that for large negative values of the vacuum Ricci scalar
R0,
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The above results suggests that the CTC region can
be made to shrink to as small a region as required by
choosing a very R0, which does not seem to be a very
natural assumption.
IV. THE KERR-NEWMAN DS/ADS BLACK
HOLE
In this sub section, we study the CTC region in the
Kerr-Newman dS/AdS black hole. The Kerr-Newman
dS/AdS space-time is a special case of the Kerr-Newman
black hole in f(R) Gravity theory with the identification
(see [29]):
R0 = 4Λ f(R) = −2Λ (57)
The metric obtained with the above substitution takes
the same form as the general one (45), however with the
simplification f ′(R) = 0. As a result, the specific electric
charge appearing in the metric components is the same
as the redefined electric charge:
q =
Q
(1 + f ′(R))(1/2)
= Q (58)
The plot of gφφ vs x for the KN dS spacetime is simi-
lar to the one shown in Fig. 7. The the trend is similar
to the previous plots as expected. The region contain-
ing closed time-like curves also exist in the Cosmologi-
cal black-holes (Kerr-Newman dS/AdS). The CTC region
extant on the equatorial plane decreases with increasing
Λ and increases with large negative values of it. Due to
this behaviour, one may expect to get rid of the region
containing CTC by assuming large values of the cosmo-
logical constant. However, this approach seems unrea-
sonable as the value of cosmological constant required to
avoid forming the CTC region is exorbitantly high. Al-
ternatively, for a particular value of Λ, one can find an
upper limit for the Mass of the blackhole such that the
CTC region does not exist. This critical mass turns out
to be extremely high compared to the masses of some of
the largest known super massive blackholes. To illustrate
this, assuming the Ricci scalar to only have contribution
from the Cosmological constant(Λ = 1.11 × 10−52m−2,
R0 = 4Λ), consider the relation between the dimension-
less Ricci scalar appearing in the equations above ( which
we will denote here by χ) and the mass of the black hole.
Taking note that the actual Ricci scalar is related to the
dimensionless one through R0 → R0M2, we have:
M
M
= 1.28× 1023√χ (59)
This suggests that, given the presently estimated value
of the cosmological constant, the dimensionless Ricci
scalar χ takes a very low value for even the most super-
massive BH masses that we know of today. To exemplify
this, consider the mass of the BH at the center of ( choose
a galaxy), which is one of the most massive BH found yet.
The value of χ for this mass turns out to be . Thus, the
prospect of shrinking the CTC region due to a high R0
and getting rid of it is beyond hope.
V. RESULTS
The key results of this paper are as follows. We
revisited the problem of Closed Time-like Curves
in Kerr-Newman BH and two other modified Kerr-
Newman space-time/black-hole models, namely the Non-
commutativity inspired KN BH and the KN BH from the
f(R) gravity theory.
In the Non-commutativity inspired model of the Kerr-
Newman Black-hole is a semi-classical model that effec-
tively incorporates non-commutativity of space-time, re-
solving the singularity, replacing it with a Gaussian dis-
tribution. The model is parametized by the usual BH
parameters M,a,Q and the non-commutativity param-
eter p, the existence of the causality violating region (
the region containing closed time-like curves) region de-
pends on the value of the non-commutativity parameter
p. We graphically showed the existence of the CTC re-
gion for particular values of p. Thus, although the non-
commutative model of the Kerr-Newman black hole has
effectively resolved the problems connected with the sin-
gularity, it does not help in preserving causality. We then
analyzed geodesic turning points for null geodesics in the
CTC region and have shown that turning points can ex-
ist in the CTC region, and thus, causality violating infor-
mation can be carried away from the CTC region to the
outside asymptotically flat space-time region as they are
causally connected. However, we also found that the non-
commutativity parameter p can be chosen such that the
region containing closed time-like curves vanishes. The
critical value of p = pcr for a Black hole for which the
CTC region degenerates to its boundary depends on its
BH parameters: the Mass, specific charge and specific
angular momentum M,a, q. The region within the inner
horizon thus makes a transition from a viscious set to
a regular region without a Cauchy horizon at the criti-
cal value of the non commutative parameter. The exact
nature of this transition is left for future considerations.
We also analyzed the causality violating region of the
f(R) Kerr-Newman Black-hole. The main feature of the
f(R) theory being that the modified Einstein’s equation
admits a non-zero Ricci scalar R0 as a vacuum solution.
Thus, here we also studied the dependence of the size of
the CTC region on R0. We discussed by explicit exam-
ples, the existence of the CTC region and its size. We
then analyzed geodesic turning points in the CTC region
for null geodesics and found that, even this case, the re-
gion is causally connected with the asymptotically flat
region. Also, similar to the situation in NC models, the
Ricci scalar R0 can be chosen such that no causality vio-
lating region exists. The citical value of R0 for which this
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FIG. 10. Plot of the inner and outer roots of gφφ vs. x. The top curve is for the inner root and the bottom for the outer root.
It can be seen that the roots approach each other as R0 increases.
happens is shown to be only dependent on the mass of
the BH in contrast to the previous case. Since the f(R)
models of Black holes with a constant R0 are equivalent
to de Sitter/Anti de Sitter Kerr-Newman black holes of
Einstein’s theory, the results derived here are also appli-
cable to them. In the last section, we discussed the Kerr-
Newman dS black hole corresponding to the present day
inferred value of the cosmological constant, showing the
existence of the causality violating region. We then show
that, for a super massive black hole of mass ∼ 1012M,
a ridiculously high value of the (effective) cosmological
constant R0 would be necessary to make the CTC region
disappear .
The causality violating region and it’s charactarization
and quantifying parameter range for it’s elimination is
important from various prespectives. The causality vio-
laton in KN-deSitter spacetime is directly relevant from
the point of view of our cosmological data that indicates
a positive cosmological constant. The relevance of the
interior region of KN-deSitter spacetime can be argued
from [8], [32], [33]. The extent of causality violation and
it’s impact can be fully understood through a better un-
derstanding of the process of gravitational collapse that
forms a Kerr Newman black hole. For proving or disprov-
ing the Chronology Protection Conjecture, one needs to
understand, through numerical or theoretical means, the
sequence of major events during the process of gravita-
tional collapse. This can help us decide which assump-
tions and features of modified spacetime solutions are
desirable from the point of view of causality protection.
We may be able to understand some of the features con-
cerned with gravitational collapse, singularity fromation
and the dynamics of the interior region of black holes
from the emitted gravitational waves from the system.
These can hint us in further progress in undestanding
Chornology protecting mechanisms. With the increased
sophistication expected in gravitational wave astronomy
one might eventually discern the features/information of
causality violating regions, if they exist, from the forma-
tion of one or the merger of blackholes.
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